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Abstract 

The Hartree-Fock problem in two dimensions ( 2 D )  has been solved for 1 5 Z < 24 using a 
Gaussian basis and assuming r - ’  Coulomb interactions. The order of occupation of the one- 
electron states is 

1s 2s < 2p < 3s < 3p < 4s 9 3d < 4 p ,  

like in the 3D case. The 1s shell is found to be particularly small and strongly bound, making the 
2D hydrogen a “superhalogen” and the 2D He a “superinert gas.” In contrast to 3D,  4s’3dZ and 
4s23d3 configurations are preferred for the 2D “Sc” and “Cu,” respectively. The six first 2D 
atoms have stronger and the later ones weaker valence-bonding energies than do their 3D 
analogs. It is noted that the 2D Dirac energy expression for a hydrogenlike atom for m, = 1 + 1/2 
agrees with the 3D Klein-Gordon one. 

1. Introduction 

In an international chemistry contest for teen-agers, the participants were re- 
cently asked to construct the periodic system for a two-dimensional (2D) world. 
The correct answer, by analogy to the 3D case, was supposed to be that in Fig- 
ure 1 [l]. We provide here an answer, at the Hartree-Fock level, to what the ac- 
tual filling order would be for the 24 first elements assuming r - ’  Coulomb 
interactions between the particles. 

The problem is actually of genuine scientific interest: The trends [2] in the 
usual periodic system (Fig. 2) all occur also in the 2D case, but their proportions 
could vary. Thus, instead of just one object to study, we would at least have two. 

The 2D one-particle problem has been used as a model for strongly anisotropic 
semiconductors [3,4] and also as a limiting case for H-like atoms in high mag- 
netic fields [5]. For D-dimensional H and H; ( D  = 2-loo), see Frantz and 
Herschbach [6] and references therein. The 2D two-electron problem was studied 
by de Andrada e Silva et al. [7]  and Fabbri and da Silva [S] on He and H2.  More 
generally, the D-dimensional two-electron atoms were solved with high accuracy 
by Loeser and Herschbach [9]. The many-electron atoms were discussed using a 
1/D expansion by Loeser [lo]. 

*On leave of absence from the Institute of Atomic and Molecular Physics, Jilin University, 
130023 Changchun, P.R.C. 
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SOLUTIONS 

T h e o r e t i c a l  t a s k  1 

a )  T h e  F l a t l a n d i a n  p e r i o d i c  t a b l e :  

Figure 1. The suggested form of the 2D periodic system by Laitinen and 
Pakkanen [I]. 

2. The One-Electron Case 

2.1. Nonrelativistic Case 

The 2D Kepler problem was solved analytically by Jauch and Hill [11] for the 
bound states and by Shinada and Sugano [4] for the continuum. For later discus- 
sions, see MacDonald and Ritchie [5] .  To emphasize the analogy with the 3D 
case, we label the (n + 1/2)f states ls, 2s, 2p, 3s, 3p, 3d, . . . , where n is the half- 
integer and the orbital angular momentum is ?hZ. Then, the eigenvalues (in a.u., 
e = A = m, = 4.rr~,, = 1) become 

with 

n = 1/2,3/2,5/2, ... 

1 = /mq 
ml = 0,+1, +2 ,+3  ,..., +(n - 112). 

Thus, the n + 112 = 1,2,3,4, .  . . levels are 2-, 6-,  10-,14-, . . . fold degener- 
ate, including, ad hoc, the spin, as contrasted to 2 - ,  8-, 18-,32-, . . . for 3D. 
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Trends in Periodic System(s) 

1.Main vertical trend: First shell of each I ano- 
malously small (Is, 2p, 3d, 4f). Due to “prirno- 
genic repulsion”, larger <r> for larger n. 

2.Main horizontal trend: Smaller <r> for larger Z. 
3.Main Deriodicity: Filled shells particularly 

stable. Half-filled non-relativistic shells also. 
4.Partial screening effects: d-shell contraction, 

lanthanoid contraction. 

5.Relativistic contraction and stabilization (s, p). 
6.Relativistic expansion and destabilization (d, f) 
7.Spin-orbit splitting. 

No deep group-theoretical principle. 

(C) Pekka Pyykko. March 21, 1990. 

Figure 2. Trends in periodic systems (Pyykko [2]). 

The striking difference between the 3D and 2D cases is the very low-lying 1s 
state of the latter, E = -1/2 and -2 a.u., respectively (2 = 1) (see Fig. 3). Oth- 
erwise, this spectrum suggests that the first d-shell (1 = 2) indeed would be oc- 
cupied after the 3s and 3p ones, allowing for partial-screening effects. 

The problem of D-dimensional hydrogen was considered by Moss [12]. From 
his paper we note that the eigenvalue ratio of the two lowest s-states becomes 
9,4,25/9 = 2.78,. . . for 2D,3D, 4D,. . . . Thus, low D will place the 1s state 
deeper, in a relative scale. 

2.2. Relativistic Case 

The 2D Dirac hydrogen atom was considered by Coulson and Joseph [13], by 
CGek and Paldus [14], and by Bruce [15] (see also Moss [12] and Sokalski [16]). 
The exact eigenvalues (in a.u.) become 

E = ~’(1 + (Z/C)’[~ - Iml + I W Z ~  (1 - (Z/C~~~)’)~’’]-’}-~’’, (2.3) 
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E/Z2 

30 20 
Figure 3. The nonrelativistic eigenvalue spectra of 3D and 2D hydrogen atoms. 

where 

(2.4) m r m . = m  + , 1 - 1/2 

= ?1/2, +3/2, ?5/2,. . . . 
For Z/c + 0, 

En, = c2 - (1/2) (Z/n)’ + (112) (Z/r~)~c-’(3/4 - n/lml) + . . . . 

E ~ ,  = -2 - 2/c2 + 0 ( ~ - 4 ) ,  

(2.5) 

(2.6) 

We note that the 2D hydrogen 1s binding energy is 

as is the 3D He’ one. 
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The expression (2.3) is defined for s orpl12 states (Iml = 1/2) up to Z/c = 1/2. 
In other words, only the 137/2 = 68 first elements have solutions for point nuclei. 
This situation is similar to the solution of the Klein-Gordon (K-G) equation for 
a Coulomb field [17]. In fact, the K-G 3D eigenvalues are identical with the 
Dirac 2D ones [Eq. (2.3)], for the larger m value of 1 + 1/2, including sIl2. (The 
expressions are the same; the n-values are integer and half-integer, respectively.) 

Sokalski [16] suggests that the m, = ?1/2 states of 2D Dirac electrons would 
actually be separated by 2mc2 and that they would obey Bose-Einstein statistics 
and have no magnetic moment, unlike in the Pauli case. 

3. The Many-electron Case 
3.1. Closed Shell 

The Hamiltonian of the system is 

H = E h i  + Egij 

To keep the parallelism to the 3D case, we thus assume r-' electron-electron 
and electron-nucleus interactions, despite the fact that the Poisson equation in 
the 2D case would require In r interactions [18]. 

In the closed-shell single-determinant case, the total energy 

becomes 
N N 

E = 2 I,  + E (2J, - Ki j ) ,  
r=l i , j= l  

(3.7) 

with 

(3.9) 

We then classify the one-electron states i by the principal quantum number 
(n + 1/2) and the angular momentum, mi. For the absolute value 1 = ( rn l ( ,  we 
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use the symbols 

PY Y KKO AND ZHAO 

Symbol: s p d f g h .. . 
1: 0 1 2 3 4 5. . . .  (3.11) 

These one-electron states, 

are then expanded in terms of the NI Cartesian Gaussian functions: 

(3.13) 

These basis functions are defined in Table I. The coefficients, C, are real. Intro- 
ducing the density matrices 

the onc-electron integrals 

the two-electron integrals 

(3.14) 

(3.15) 

and the supermatrices 

TABLE I. The complex basis functions, ,ym,,, for s, p ,  and d orbitals. 

The functions g are the corresponding normalized Cartesian Gaussian func- 
tions. The normalization coefficients, N, are defined in the Appendix. 
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we obtain the total energy 
OC( 

DCC occ +a c c c 
n.ml n ' ,m i  p,qcm/ r,stmi 

This closed-shell expression is applicable if all states with the same ml (not Im,l) 
are filled. The calculation of the integrals is described in the Appendix. 

3.2. Angular Momentum Coupling and Open Shells 

The orbital angular momentum of the 2D atom is obtained by algebraic addition 

similarly, the total spin 

(3.19) 

(3.20) 

when 

M = MI. + My.  (3.21) 

and +n+l  

for np2), with two spin components, m,, for each (a  and p), inevitably leads to 
four states. Of them, three (with M s  = -1, 0, +1) have the same and one has 
(with Ms = 0) a different energy. Thus, the assumptions made still would allow a 
vector total spin 

It should be noted that the existence of two space orbitals (e.g., 

with 

s2 = S(S + 1). 

(3.22) 

In other worL.,, we treat *me,  as an ad hoc assumption, spin and statistics in ex- 
actly the same way as in 3D. This permits us to study atomic physics and chemi- 
cal periodicity with one, and only one, drastic change in the assumptions, 
namely, 2D vs. 3D. 

With L = ( M L / ,  we can still use the term symbol 
2s + ' L  
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The terms for the present electron configurations are given in Tables I1 and 111. 
The corresponding wave functions, in terms of one or two Slater determinants, 
are given in Table IV. 

The core-core, core-valence, and valence-valence contributions to the total 
energy become for N occupied closed shells and M occupied open shells 

N N 

E = 2 C I k  + 1 ( 2 J k l  - Kkl) 
k k , / = l  

M ,M 

+ Eml + C [(1/2)~,J,~,, - (1/4)bcrKKln] 
111 m.n=l 

(3.23) 

Here (T and p label the two open-shell states n,  mI and n ' ,  mi, respectively. 
The coupling constants 1 - a and 1 - b (Table V) are given to the program as 

fractions, II I/nz.  The treatment parallels the 3D one in Clementi [19], Roothaan 

TABLE 11. Multiplets for equivalent s, 
p ,  and d electrons. 

Configuration Terms 

'S 
IS 
' P  
'0, 'S, 'S 
'S 
2D 
'G, 's, Is 
'S 

TABLE 111. Multiplets for nonequivalent electrons. 

Configuration Terms 

ss ' 

SP 
sd, sd' 

sd 

"p;"P3 

PP',P?p',P3P'3 

P2P'>P'p'3 

P'P" 

is, Is 
'P, 'P  
'D, 4S, 'S 
'0, 'D  

'G, 4S, 'S 

3D, ID, 'S, ID 

F, p, P 

'G, '0, '0, 

2 4 2  

's, 3s, Is 

Configuration Terms 

pd,p'd,pd3,p3d 'F, 'r;; 'P, 'P 
p2d,p2d3 2G, 'D, '0, 'S 
pd ', p3d2 'H, 'F, 'P, 'P  
p'd' 'I ,  'G, 'G, '0, 

'0, 'S, 'S, 'S 

'G, 'G, 'S, 'S 

'I, 'D, '0 

dd' ,  d ' d ' ,  d 'd" 

d ' d ' ,  d 'd r 3  

'L, 3G, 'G, 
5s,3s, 's 

d 2 d ' 2  
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TABLE IV. The simplest wave functions for open-shell states. 

Conf. Term M 

The bar indicates p spin 

TABLE V. Coupling constants a and b [Eq. (3.27)] for the configurations with one, two, or three 
open subshells (u,p = 0, 21, 2 2 ) .  

Configuration State a ,,,, a #,,, b,,,, b (,,, 

s, p, d, P', d' 
p 2 ,  d', sd' 

sd'('S) 

- 0 - ' L  0 
1L 0 1 0 -2 
' L  1 1 2 2 
4s 1 1 2 2 
3 1 1 2 0" 

2h 

.'b0 2 and b,I+z. 
hb-2+2. 

and Bagus [20], or Veillard [21]. The final energy expression, used by the pro- 
gram, is 

E = C D&,Hui,4 
1'4 

+ (1/2) C C D $q Pupq, pn 
pqr5 

- (1/2)C C D & q Q u p q , p r \ D & .  (3.24) 

Here, the closed-shell density matrix, D&,, is given by (3.14), the open-shell den- 
sity matrix 

,rw pqn 

M 

Dapq = C C u m p C v m q ,  (3.25) 
m=l 

the total density matrix 

DTPq = D& + D&,, (3.26) 

and the supermatrices 

Qcpq,lrrs = (1 - ~ u f i ) ( ~ ~ l r S >  - (1/4)(1 - b v p ) ( ( ~ s l q r )  + (PIP)). (3.27) 

The supermatrices P and the integrals H are defined above. 
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3.3. The Implementution 

basis, even-tempered Gaussian functions with orbital exponents 
The program is a modified version of Pitzer's [22] 3D program. To saturate the 

a, = aOPn (3.28) 

were used. With P = 2, the total energies and virial ratios in Tables VI and VII 
were obtained. 

4. Results and Discussion 
4.1. The Filling Order 

For the s elements, we use the same chemical symbols as in the 3D case (H, 
He, Li, Be,. . .). Similarly, the s$' elements are called B, Al, and Ga. The s$* 

TABLE VI. Calculated HF total energies for Z = 1-14; p = 2. 

Atom State - ET/a .u .  - V/T N ,  Np ~ I l C  ' Y I P  

1.99999993 

2.06144747 
2.0616" 

11.70208627 
11 .6366Sh 
11.70208779" 

29.66839589 

56.50163197 

92.75230862 

138.66560554 
138.85968197 
139.07735545 

195.57572920 

263.22579119 

341.94421060 
341.94444444 

431.75647769 
532.89611460 

645.37828334 
645.47988535 
645.59574004 

769.81487332 

905.98360472 

2.00000012 

2.00000004 

2.00000027 

2.00000023 

2.0000004 

2.00000061 

2.00000087 
2.00000086 
2.00000086 

2.000001 16 

2.00000147 

2.00000179 
2.00000046 

2.00000222 
2.00000265 

2.000003 12 
2.00000312 
2.00000312 

2.00000361 

2.00000416 

32 

32 

32 

36 

36 

36 

36 
36 
36 

36 

36 

36 
40 

36 
36 

36 
36 
36 

36 

36 

- 

- 

- 

- 

- 

26 

26 
26 
26 

26 

26 

26 
26 

26 
26 

26 
26 
26 

26 

26 

0.006 

0.003 

0.003 

0.0005 

0.0005 

0.0005 

0.0005 
0.0005 
0.0005 

0.0005 

0.0005 

0.0005 
0.000125 

0.0005 
0.0005 

0.0005 
0.0005 
0.0005 

0.0005 

0.0005 

- 

- 

- 

- 

- 

0.0005 

0.0005 
0.0005 
0.0005 

0.0005 

0.0005 

0.0005 
0.0005 

0.0005 
0.0005 

0.0005 
0.0005 
0.0005 

0.0005 

0.0005 

"Ref. 9. 
hSingle-Zeta STO result from Ref. 7. 
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TABLE VII. Calculated H F  total energies for Z = 15-24; p = 2. 

N ,  NP Nd 
Atom Configuration State -ET/a.u. -V/T a 0s a op aOd 

15K 4s ' 
3d I 

lhCa 4s' 

4s13d1 

17sc 4s23d 

4s24p 

4s13d2 

I X M ~  4s23d2 

4s'3ds 

19Cu 4s23d3 

4s13d4 

X I Z ~  4s23d4 

zlGa 3d44p1 

ZZAS 3d44p2 

23Br 3d44p' 

3d'4p4 

24Kr 3d44p4 

2S 

2 0  

IS 

ZD 

2 0  

2P 

2S 

'S 

ID 

's 

' D  

'D 

2D 

2S 

IS 

2P 

ID 

'S 

2P 

2 0  

'S 

1054.05950 1 

1054,017426 

1214.035817 

121 4.030962 

1385.062704 

1385.005692 

1385.015176 

1385.078390 

1569.110171 

1569.189583 

1569.276261 

1569.121615 

1569.150883 

1765.848244 

1765.735087 

1975.117683 

2197.252163 

2432.126157 

2432.207803 

2679.888349 

2678.896328 

2940.536635 

2944.193598 

2.00000 1 

2.000001 

2.000001 

2.000001 

2.001536 

2.001537 

2.001536 

2.001536 

2.001716 

2.001716 

2.001 716 

2.001716 

2.001716 

2.001907 

2.001907 

2.002109 

2.002321 

2.002546 

2.002546 

2.002782 

2.002785 

2.003031 

2.000045 

40 

40 

40 

40 

27 

27 

21  

27 

27 

27 

27 

27 

27 

27 

27 

27 

27 

27 

27 

27 

27 

2 1  

34 

0.000125 

0.000125 

0.000125 

0.000125 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.0005 

26 

26 

26 

26 

21 

21 

21 

21 

16 

16 

16 

16 

16 

16 

16 

16 

20 

20 

20 

20 

20 

20 

26 

0.0005 

0.0005 

0.0005 

0.0005 

0.0005 

0.0005 

0.0005 

0.0005 

0.016 

0.016 

0.016 

0.016 

0.016 

0.016 

0.016 

0.016 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

- 
- 

20 
0.0000625 
- 

- 

20 

18 
0.001 

0.001 
- 

- 

18 

18 

18 

18 

18 

18 

18 

18 

18 

18 

18 

18 

18 

18 

18 

18 

22 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 

0.001 
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ones could carry the 3D group 14 names (C, Si, Ge) or, being the half-filledp- 
shell, the group 15 ones (N, P, As). We choose the latter alternative. The present 
s2p3 atoms, with one p hole, are the 2D halogens, F, C1, and Br. The s$' rare 
gases are called Ne, Ar, and Kr. Analogously, the first transition elements are 
called Sc, Mn, Ni, and Cu. 

The first open question is whether 15K has a 4s' or 3d' ground state. From 
Table VII, we see that the 4s' E T  lies 0.042075 a.u. below 3d'. Similarly, the dif- 
ference of the 4s and 3d eigenvalues of -0.105859 and -0.063745 a.u. becomes 
0.042114 a.u. Therefore, 4s is occupied before 3d, in 2D. 

For the next element, 16Ca, the 4s'3d1 3D state lies only 0.004855 a.u. above 
the 4s' 'S ground state. The 4s and 3d (r) are 5.01512 and 5.36659 and the --E 

0.167881 and 0.099245 ax . ,  respectively. Thus, the Ca 3d still has not collapsed 
to the inner potential well. 

Next, for ',Sc, the 3dl ET lies 0.057012 a.u. below the 4p1 one. The difference 
of the d and p eigenvalues 0.293781 and 0.149648 a.u., respectively, is now 
0.144133 ax . ,  in this three-valence-electron case. Thus, at the HF level, the 3d 
shell is occupied before 4p. 

As d 2  is the half-filled shell, we also considered for $ 3 ~  the state 
4~ ' (3d-~) ' (3d~) '  4S. It has a higher spin and lies at the HF level slightly (0.016 a.u.) 
below the 4s23d1 configuration, in complete analogy with the 3D 24Cr 4s'3d5 
ground state, but in contrast to the 3D 21Sc 4s23d' one. 

The 2D '*Mn has a 4s23dZ 'S ground state, analogous to the 3D 25Mn 4s23d5 'S 
one, both d-shells being half-filled. The 4s'3d3 lie higher. 

For IyCu, the question is whether the hole is put in the 4s or 3d shell. In 2D, 
the d hole is preferred, rather like for the 3D **Ni, 4s23d8, but in contrast to the 
3D 2yCu, 4s13d10. Thus, there is no clear-cut, monovalent 4s' coinage metal, like 
copper, in 2D. For *,,Zn, there is no choice but 4s23d4. 

The ']Ga 4p' configuration is obvious. So is the "As 4p2 one, whose 3S ground 
state conforms to Hunds rule. The 23Br 4p3 halogen and the 24Kr 4p4 rare gas 
complete this period. 

4.2. Partial-screening Effects 

The best-known partial-screening effect in the usual 3D periodic system is the 
"lanthanide contraction," i.e., the effect on a valence electron between 6s' Ba 
and 4f 146s2 Yb, for instance. The corresponding d-electron or transition-metal 
contraction is also well known [23]. In the present case, the simplest example on 
this phenomenon is the difference between the ls22s23s' Z = 5 "pseudo-Na" and 
actual ls22s22p43s' 9Na. Their 3s orbital energies are -0.138 and -0.176 a.u. and 
average radii 5.525 and 4.279 a.u., respectively. This is an example of partial 
screening of the 3s valence electron by the 2p shell. 

As another example, we considered the ls22s22p43s23p44s24p' Z = 17 "pseudo- 
Ga," occurring in Table VII as the *P state of ',Sc. The (r)+ are 4.829 and 
4.372 a m ,  and the -6, 0.1496 and 0.1583 a.u. for "pseudo-Ga" and zlGa, respec- 
tively. This is an example of partial screening of the 4p valence electron by the 
3d shell, i.e., a "transition-metal contraction" (cf. [23]). 
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4.3. Orbital Energies 

The 2D and 3D energies of the highest occupied orbital are compared in Fig- 
ure 4. It is seen that the Is, 2s, and two first 2p elements are more strongly 
bound in 2D for H and He by a factor of four. The later elements F-Kr (except 
Al) are more strongly bound in 3D. 

Note that we jump here, for 3D, fromp' top3 top5 top6 and similarly from d' 
to d 5  to d 9  to d1', compared to the 2Dp'-p4 and d'-d4. 

44. Valence Orbital Radii 

The 2D valence orbital radii are shown in Figure 5. The very small size of the 
1s shell is again conspicuous. The gradual increase of the ns and np radii for 
n = 2-4 resembles that in 3D. The $ 3 ~  4s and 3d radii are out-of-line due to the 
s'd2 canfiguration, different from the s2dk ones of the later transition metals. For 
the s'd' state, (r) = 1.8739 a.u. and --E = 0.1149 a.u.; these values give a system- 
atic trend with the 2 = 18-20 s'd" results. 

IP / a.u. 

, 

Atom 

* 3D +2D 

Figure 4. The highest occupied orbital energy in the HF model for the first 2D ele- 
ments and their 3D analogs (from Froese Fischer [24]). In cases like 2D F 

[(2p-,)'(2p+l)'], a weighed average is taken. 
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2 

0.2 
H He Li Be B N F NaNeMg Al P CI Ar K CaScMnCuZnGaAsBr Kr 

ns +2p + 3p +4p  + 3 d  - 
Figure 5 .  The average radii, (r), of the ns, np, and (n - l ) d  valence shells. 

The ratio of the 4s and 3d radii for the s2 configuration of Cu is 4.883/ 
1.488 = 3.282 and 2.973/0.918 = 3.238 in 2D and 3D [24], respectively. The two 
ratios are very similar. 

In Figure 5,  the 2p radii are clearly larger than the 2s ones. It is interesting 
to compare their ratio in 2D and 3D (see Table VIII). In 3D, the ratio R = 
( T ) ~ ~ / ( T ) ~ ~  is rather close to 1, and the ratio rmax(2p)/rmax(2s) is below 1 for the ele- 
ments C-Ne and above [25]. This similarity of the 2s and 2p radii and of their 
energies explains the facile multiple bonding of the 2nd-row elements (see [23]). 
An intuitive explanation is the lack of “primogenic repulsion” by innerp-shell on 
the 2p. 

In 2D, the ratio R is somewhat larger than in 3D and the increase from n = 2 
to n = 3 is less conspicuous. The 2D B and N could still form good multiple 
bonds, as surmised by Laitinen and Pakkanen [l]. 

5. Conclusions 

The central conclusion is that in these 2D model systems (for which P.W. 
Atkins proposed the name “flatoms”) the first, 3d shell indeed is occupied after 
the 3s, 3p, and 4s ones, as in the 3D case. The reason that this happens, and that 
4s is not above 3d, or, to the contrary, even 4p below 3d, is the hydrogenlike de- 
generacy of the n = 3 levels and comparable screening effects for 2D and 3D. 

Minor differences between 2D and 3D are found in the filling order for 3d 
transition elements where 4s’3d2 and 4s23d3 configurations are preferred for 
“Sc” and “Cu,” respectively. 

The biggest difference is the very small radius and large binding energy of the 
2D 1s shell, making the 2D hydrogen a “superhalogen” or, alternatively, a “di- 
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TABLE VIII .  Valence orbital average radii in 2D and in 3D [24] and the ratio 
R = (r)np/(r)nr. 

Case Atom (r) n 0) n p  R 

2D B(2P') 1.26927 1.46603 1.15502 
W P 2 )  1.01589 1.11062 1.09325 
W P 7  0.83137 0.99317 1.19462 
Ne(2p4) 0.70873 0.85589 1.20764 
A1(3PO 2.51582 3.04754 1.21135 

3D B(2PO 1.97706 2.20476 1.11517 
C(2P') 1.58934 1.71449 1.07874 
WP') 1.33228 1.40963 1.05806 
om4) 1.14196 1.23220 1.07902 
W P ' )  1 .00109 1.08479 1.08361 
Ne(2p'') 0.8921 1 0.96527 1.08201 
AU3P') 2.59928 3.43389 1.32109 

atomic inert gas", an unknown concept in 3D.  The corresponding diatomic mole- 
cule would have a (minimal basis Heitler-London, i = 1)  bond length of only 
0.37 a.u. and the enormous dissociation energy of 1.25 a.u. [S].  Thus, one could 
speculate that the 2 D  water could be spontaneously reduced to 2 H 2 0  + 

2H2 + 02. The 2 D  He analogously is a "superinert gas." The 2 D  2s and early 2p 
elements still have higher binding energies than do the 3 D  ones. For later ele- 
ments, the 3 D  binding energies are larger. 

Given the tendency of the 1s atoms to become small and strongly bound when 
D decreases, the small size of the actual H and He could be seen as a tail of this 
trend for D = 3. 

Appendix 

The expressions for the required integrals over the Gaussian Cartesian 
functions 

become 

1. The overlap integral: 

for lp + 1, and mp + mq even, and zero otherwise. 



542 PY Y KKO AND ZHAO 

The gamma function: 

(plr-llq) = N,N,W, + I, + 1)/2)lXmp + mq + 1)/2) 
. r((z, + 1, + my + m, + 1)/2)(a, + a y ) - ( ' ~ + ' ~ + m p + m ~ + 1 ) ' 2  

+- ((I, + I ,  + m, t. mq)/2)!,  

for I ,  + 1, and m, + mq even, and zero otherwise. 

4. The electron-electron integral. Here, three cases arise: 

(a) 6 = 0, 

( P q 4  = 

= T1'2(zr + L ) !  (m, + m,)! 
kUP 

. 2 r ( (L  - 2k + 1)/2)/[k! (I, + I ,  - 2k)! 22k] 
k=O 

(A.7) 
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. 3 r((L - 2k + 1)/2)/[k! (1, + I, - 2k)! 22k] 

. 3 r((M - 21 + 1) /2) / [4mP + m, - 21)!22'1 

k = O  

/ = O  

* B ( p ' , - 6  - p' + u)2F1(-6,p';u - 6;x') 
. (a, + aq)fi'-"+6(ar + ag) f i ' - - (TA-P ' .  (A.10) 

With 

k u p  = [ ( l r  + 1.,)/2], 1, = [ (m,  + ms)/21, 

ku,, = [(l, + 41/21, L,, = [(m, + mq)/21, 
L = 1, + 1, + 1, + l,, 
6 = [-( l ,  + 1,) + 1, + 1, - (m, + m y )  + m, + m , ] / 2 ,  

p = 1, + 1, + m, + m, - 2k - 21 + 112, 
+ m, + m, - 2k - 21 + 1/2, 

M = m, + m, + m, + m,,  

p' = 1, + 1, 

u = ( L  + M - 2k - 21 + 2 ) / 2 ,  

A = a, + a, + a, + a s ,  

x = (a, + a,)/!, x' = (ap + a,)/!, 

B(m,n) = ( m  - l)!(n - l ) ! / (m + n - l ) ! ,  (A . l l )  

*F,(u,b;c;x) = 1 + a . b/(l . c) . x 

+ (a + 1) * b .  (b  + 1 ) / ( 1 .  2 .  C .  (C + 1 ) ) .  x 2  + ... . 
(A.12) 

Note added in proof: 

Two further papers on relativistic [26-271 and one on non-relativistic [28] 2D hy- 
drogen atoms have recently appeared. 
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